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Large Eddy Simulations of Sound Radiation
from Subsonic Turbulent Jets
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Large eddy simulations (LES) of subsonic turbulent jets, including the near-� eld � ow and far-� eld sound radia-
tion, were performed using two different subgrid-scale turbulence models. Two different cases were considered. As
a validationcase, predictions from a Mach 0:9, Reynolds number 3:6 £ £ 103 randomlyforced turbulent jet were per-
formed. Both the near-� eld velocity statistics and far-� eld sound directivity were found to be in excellent agreement
with previous experimental data and direct numerical simulation (DNS) results. The second case involved a Mach
0:4, Reynolds number 5 £ £ 103 harmonically forced jet. Both axisymmetric and azimuthal inlet disturbances were
imposed to facilitate detailed comparisons to recent DNS of axisymmetric jet sound, and to highlight the effects of
small-scale turbulence. As part of this second case, the validity of Kirchhoff’s method for far-� eld sound prediction
was also assessed in conjunction with LES and the effect of the subgrid-scale turbulence model on sound radia-
tion was examined. The sound source location and levels were different between the three-dimensional turbulent
jets and similar two-dimensional axisymmetric laminar jets. Far-� eld sound radiation predictions, obtained using
Kirchhoff’s method, were in good agreement with the directly predicted LES results. LES predictions obtained
with the dynamic Smagorinsky and the dynamic mixed subgrid-scale turbulence models were similar, although
the mixed model resulted in higher turbulence and sound levels. The directivity was not uniform as predicted by
Lighthill’s theory for a fully turbulent jet, but exhibited a preferred radiation angle between 35 and 70 deg in
agreement with reported experimental data from an acoustically excited jet.

I. Introduction

S OUND radiation from turbulent shear � ows is an important
problem for a number of practical engineering applications of

interest to the aircraft and automotive industries. Jet noise is also a
canonical problem in aeroacoustics.The use of computational � uid
dynamics methods to predict noise emission from jets is a very
challenging sub� eld of the discipline of computational aeroacous-
tics (CAA). One of themore promisingCAA techniquesfor jet noise
prediction is the use of large eddy simulation (LES) to predict the
near-� eld � ow in conjunction with an acoustic analogy for predict-
ing the far-� eld sound. There have been several recent studies that
have investigated this and other related methods.

Gamet and Estivalezes1 performed direct numerical simulations
(DNS) of the near � eld of a two-dimensional, axisymmetric super-
sonichot jet with ReynoldsnumberRe of 1 £ 103 and Mach number
M of 2. LES of the near-� eld of a three-dimensionalround jet at the
same Mach number, but with Re D 3 £ 104, were also performed.
For both simulations random perturbations were imposed on the
inlet velocity pro� le. Kirchhoff’s method was then used to predict
the directivity of the radiated sound � eld from the computed � ow-
� eld within the jet. A comparison of the results to experimental
data from the literature led to the conclusion that three-dimensional
LES predictions yield better agreement than two-dimensional axi-
symmetric DNS predictions.

Mitchell et al.2 performed DNS of both the near-� eld � ow and
the far-� eld sound radiated from subsonic and supersonic, two-
dimensional, axisymmetric jets. Inlet harmonic forcing was pre-
scribed at the most unstable frequenciesof the jet, calculatedfrom a
linear stability analysis. For the subsonic case M D 0:4, the main
source of sound was reported to be vortex pairing. It was con-
cluded that the acoustic source was quadrupole in nature. The pre-
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dicted acoustic far � eld was found to agree with predictions from
Lighthill’s acoustic analogy.

Freund3;4 performed three-dimensional DNS of a randomly
forced round jet at Re D 3:6 £ 103 and M D 0:9 using 25 million
grid points. They did not include the far � eld in their DNS, but
instead used the near-� eld pressure data from the DNS, together
with a solution of the wave equation to predict the far-� eld acoustic
pressure. They showed good agreement with experimental data for
the mean Mach-number pro� le and for the directivity of the radi-
ated sound. They also noted that the Lighthill source term had the
greatest amplitude near the end of the potential core.

Boersma and Lele5 conducted three-dimensionalLES of a round
jet under the same conditions as in Freund.3 They only included the
near � eld, with 1:5 million grid points. A dynamic Smagorinsky
subgrid-scale(SGS) turbulencemodel was used to close the � ltered
Navier–Stokes equations.The near-� eld � ow statisticswere in good
agreement with the DNS results of Freund,3 but no sound radiation
predictions were reported.

Mankbadi et al.6 studied supersonic jet noise using two-
dimensionalLES with a nondynamicSmagorinskySGS model. The
computationaldomain did include part of the acoustic far � eld. No
quantitativecomparisons to experimental data were presented.The
shape of the sound pressure level contours was sensitive to the type
of in� ow disturbance speci� ed.

Bogey et al.7 conducted LES of a Mach 0:9 jet with a Reynolds
number of 6:5 £ 104 . The Smagorinsky SGS model was used. The
mean � ow and turbulent intensities were in good agreement with
experimental data, as well as sound radiation directivity and sound
levels.

Recently, Zhao et al.8 examined the effects of spatial � ltering
on sound radiation from a subsonic jet by conducting an a pri-
ori analysis using DNS results from a two-dimensional, axisym-
metric jet. The conditions of Mitchell et al.2 were reproduced
as a means of code validation. The effects of spatial � ltering on
the Lighthill stress tensor and far-� eld sound predictions were
found to be signi� cant at high frequencies. A SGS sound model
was proposed and yielded improved predictions. These � ndings
were hindered by the relatively low-frequency content in a two-
dimensional jet. In a three-dimensional turbulent jet the effects of
spatial � ltering on high-frequency sound are expected to be more
pronounced, and the use of a SGS sound model may be better
justi� ed.
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In the present study three-dimensional LES of sound radiation
from subsonic turbulent jets at two different Mach and Reynolds
numbers were performed.Efforts were made to include the acoustic
far � eld in the LES domain. A Mach 0:9, Re D 3:6 £ 103 jet val-
idation case was simulated using random forcing applied at the
in� ow boundary. The near-� eld results, including mean velocity
and Reynolds-stress pro� les, and the far-� eld results, in particu-
lar the sound pressure level (SPL) directivity, were compared with
previously available experimental data and DNS results. A Mach
0:4, Re D 5£ 103 jet with harmonic inlet forcing, as opposed to
random forcing,was used to facilitatecomparisons to previoustwo-
dimensional axisymmetric jet noise studies and to highlight the ef-
fects of small-scale turbulence. Two different dynamic SGS turbu-
lence models were used, and their impact on the near-� eld � ow
statistics and the far-� eld sound was assessed. The LES-computed
far-� eld sound was compared with predictions using Kirchhoff’s
method. The directivityof the sound emitted by the jet, as predicted
using the hybrid LES–Kirchhoff method, was compared with pre-
dictions from Lighthill’s theory.

II. Computational Approach
A. Numerical Method

The Favre-� ltered compressibleNavier–Stokes and energy equa-
tions were solved in a cylindrical coordinate system on a three-
dimensional grid. Ideal gas behavior was assumed. The governing
equations were numerically integratedusing a fourth-orderRunge–

Kutta method for time discretization and a combination of Fourier
pseudospectralmethods in the azimuthal direction and sixth-order
compact � nite difference methods in the axial and radial directions
for spatial discretization. Explicit fourth-order spatial � ltering of
the � ow variables was used to eliminate high-frequency spurious
numerical oscillations.

B. SGS Turbulence Models
Two different compressible SGS turbulence models were used

to close the � ltered LES equations. The � rst was the dynamic
Smagorinskymodel (DSM), and the second was the dynamic mixed
model (DMM).9 The main difference between the two models is
that the DMM contains a scale-similarity contribution to the eddy
viscosity in addition to the Smagorinsky part. The scale-similarity
contribution is expected to decrease the total amount of dissipa-
tion provided by the SGS model because it allows for additional
backscatter. In what follows, an overbar represents the spatial LES
� lter, and a tilde represents a density-weight � lter. In addition, ½,
u i , 1, and Si j represent the density, velocityvector, � lter width, and
strain-rate tensor, respectively.The two-parametermixed model for
the SGS stress tensor ¿u i u j in a compressible � ow is given as9

¿u i u j ´ N½.]ui u j ¡ u i u j / ’ Css N½ui u j ¡ N½u i N½u j= NN½

¡ 2C N½12j QSj QSi j ¡ 1
3

QSkk±i j C 2
3
C I N½12j QSj2±i j (1)

where the � rst term on the right-hand side is the scale-similarity
part and the second and third terms are the eddy-viscosity parts.
Css , C , and C I are model coef� cients. CI is assumed to be 0 for the
subsonic Mach-number � ows in this study. Introducinga test � lter,
indicated by a caret, whose width is larger than the grid � lter and
using Germano identity, one can obtain Css and C using a least-
squares approach10:
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where h i represents averaging in the azimuthal direction and the
superscript D stands for the deviatoric part of the tensor. L i j , Mi j ,
and Ni j are given by

L i j D \N½ Qu i Qu j ¡
1
ON½

N½ Qu i N½ Qu j (2)

Fig. 1 Fourier transform of the grid and test � lter.
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For the dynamic Smagorinsky model Css D 0, and

C D
L D

i j Mi j

hMi j Mi j i
(5)

A fourth-order test � lter was also applied in the axial and radial di-
rections for the implementationof the dynamicmodels. The Fourier
transforms of the test � lter and the � lter for numerical stability are
shown in Fig. 1. The latter one was also used as the grid � lter in
the SGS models. The ratio of the test- to grid-� lter widths was 1:5.
In the azimuthal direction Fourier cutoff � lters with the same � lter
width ratio were used.

C. Flow and Inlet Conditions
For the Mach 0:9 jet the � ow conditions were chosen to match

the experimentby Stromberg et al.11 and the DNS by Freund.3;4 The
Reynolds number based on jet nozzle diameter was Re D 3:6£ 103.
A hyperbolic tangent velocity pro� le was speci� ed at the inlet:

u D 1
2
U0f1 ¡ tanh[.R0=4±2/.r=R0/ ¡ .R0=r/]g (6)

where U0 , R0 , and ±2 are the velocity, radius, and momentum thick-
ness of the jet, respectively.To force the jet, ±2 was randomly varied
in time and azimuthal angle Á with a mean value of 0:08R0 . The
maximum amplitude of the variation was about 2%.

For the Mach 0:4 jet the � ow conditionswere identical to those for
axisymmetric jet cases recently reported in the literature.2;8 Specif-
ically, M D 0:4 and Re D 5£ 103 based on the jet nozzle diame-
ter. The initial conditions were obtained by solving the parabolic
boundary-layerequations with an inlet hyperbolic tangent velocity
pro� le and momentum thickness ±2 D 0:1R0 (Ref. 8). Eigenfunc-
tions obtained from an inviscid linear stability analysis based on a
numerical solution of Rayleigh’s equation for the inlet hyperbolic
tangent velocity pro� le were used to force the jet at the inlet. Three
modes were used: the most unstable axisymmetric mode f0, its
subharmonic 1

2
f0 , and a helical mode with an azimuthal wave num-

ber ¯ D 1 at frequency f0 . According to linear stability analysis,
f0 R0=U0 D 0:218, and f0 was also very close to the most unstable
frequency of the helical modes. The inlet disturbance vector ’ 0 can
be written as

’ 0 D <[A0 O’0 exp[¡i!0t ] C A1 O’1 exp[i.¡!0t=2 C 2:7/]

C Ah O’h exp[i.¡!0t C ¯Á/] (7)

where O’ is the eigenfunction vector from linear stability theory,
normalized such that the maximum magnitude of the axial velocity
eigenfunction j Ouj equals 1. !0 D 2¼ f0 , A0 D 0:0025, A1 D 0:0025,
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Fig. 2 Domain for Kirchhoff’s surface method.

and Ah D 0:0005.This disturbancevectorwas added to the inlet � ow
variablesnot otherwise speci� ed by the nonre� ecting characteristic
boundary condition treatment (to be described). Thus, the ampli-
tude of the helical mode was about 0:1 times that of the sum of the
axisymmetric modes. The reason for choosing such a small mag-
nitude helical disturbance was to obtain vortex roll up and pairing,
similar to those obtained in previous axisymmetric simulations,2;8

and small-scale turbulence in the same simulation domain.

D. Kirchhoff Surface Method
The Kirchhoff surface method for predicting far-� eld sound is

based on an analytical formula that relates the far-� eld sound to
integrals over a closed surface that surrounds all acoustic sources.
Outside the surface the � ow is assumed to be linear, and the acoustic
variables, such as pressure and density, satisfy the wave equation.
The Kirchhoff surface considered in this report is an open cylindri-
cal surfacewith radius Rk surroundingthe jet, as shown in Fig. 2. xs ,
d , 2, y, R, and Á are the source location, the distance between the
source and the observer, the angle between the jet axis and the line
connecting the source and the observer, the distance between the
source and a point on the Kirchhoff surface, the distance between
the observerand a point on the Kirchhoff surface, and the azimuthal
angle, respectively.Freund et al.12 suggested that as long as the line
between the apparent sound source and the far-� eld observer inter-
sects the Kirchhoff surface where the acoustic data are available,
then errors from truncating the integral will be small. Otherwise
errors will be dominant.To reduce the volume of the far � eld where
errors would be expected to dominate, the radius of the Kirchhoff
surface should be small, and the length of the surface should be as
large as possible.

In thepresentcase themean velocityin the far � eld isU1 D 0. The
Kirchhoff–Helmholtz equation relates the temporal Fourier trans-
form of an acoustic variable, say OÁ, to the surface integral of OÁ and
its derivative normal to the surface OÁn and has the following form:

OÁ.d; !/ D
S

[ OÁ. y/ OG.d ¡ y/ ¡ OÁn.y/ OGn.d ¡ y/] dS.y/ (8)

where the Green’s function G is

G.R/ D .1=4¼ R/ exp.i!R=c/ (9)

with c as the sound speed. The integral can be simpli� ed to yield13
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dS

(10)

This is the Kirchhoff formulation for a stationary surface in the
frequencydomain. It was numericallyintegratedover thecylindrical
surface described using a second-order accurate method.

E. ComputationalDomain and Details
Nonre� ectingcharacteristic-basedboundaryconditionswere em-

ployed together with an extended buffer domain.14 The buffer do-

main featured grid stretching and enhanced viscosity to minimize
re� ections from the boundaries.For the Mach 0:9 jet only the DSM
was applied. The computationaldomain extended 40R0 in the axial
direction(not includingthebufferzone) and40R0 in radialdirection.
The computationaldomain was discretizedusing a nonuniformgrid
consistingof 400 £ 160 £ 32 grid points in the axial, radial, and az-
imuthal directions, respectively.For the Mach 0:4 jet both the DSM
and DMM SGS models were used. For the DSM case the domain
size was the the same as for the Mach 0:9 case, and the grid size was
320£140 £ 64. For the DMM case the computational domain was
50R0 in axial direction, and the grid size was 400 £ 140 £ 64. The
code employs axial domain decomposition and uses the message-
passing-interface libraries for parallel computations. The calcula-
tions were performed using the SGI Origin 2000 and IBM SP2
parallel supercomputers.Each LES case required about 4000 CPU
hours total on 16 processors.

III. Mach 0.9 Jet
Figure 3 shows contour plots of the magnitude of the instanta-

neous near-� eld vorticity and the far-� eld acoustic pressure p0. The
jet transitions to turbulenceat around x¤ D 16R0. It appears that the
dominant sound source is located in this region, which is consis-
tent with the previous DNS results of Freund.3;4 Figure 4 shows the
mean centerline velocity, again in good agreement with the same

Fig. 3 Instantaneous contour plots of the near-� eld vorticity mag-
nitude (lower plot) and the far-� eld acoustic pressure (upper
plot). For jj ! ¤ jj , MIN = 0:35, MAX = 4:0, and Delta = 0:73; for p0 ,
MIN = ¡ ¡ 2 £ £ 10¡¡ 4, MAX = 7 £ £ 10 ¡¡ 4, and Delta = 4:5 £ £ 10 ¡¡ 5.

Fig. 4 Centerline mean velocity compared with DNS results.
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Fig. 5 Decay constant vs axial coordinate.

Fig. 6 Radialpro� les of mean axial velocity. The experimental pro� les
are replotted from their curve � ts.

Rxx

RÁÁ

Rxr

Rrr

Fig. 7 Radial pro� les of components of the Reynolds-stress tensor. The experimental pro� les are replotted from their curve � ts.

earlier DNS results,which were shown to be in excellentagreement
with experimental data.4 The potential core of the jet in the present
simulation is slightly longer than that of Ref. 4, and the centerline
velocity decreases slightly faster in the early stage of the transition.
The reason for those discrepanciesis attributed to the in� ow condi-
tions. As will be shown in the next section, the in� ow forcing has a
dramatic effect on the decay of the jet centerlinevelocity.The decay
coef� cient of jet, which is de� ned as

k D
Uc.x/

U0

.x ¡ x0/

2R0

(11)

is shown in Fig. 5. Uc.x/ is the centerlinevelocity.x0 is the so-called
virtual origin of the jet, chosen to be 1:0R0 . Previous experiments
on low-Mach-number jets have shown that k becomes a constant
when the jet is fully developed,with a value is in the range between
5.7 and 6.1 (Ref. 15). The decay constant in the present simulations
is about 5.7, slightly smaller than the value of 5:8 predicted by the
DNS results of Ref. 4. The mean velocity pro� les at three axial
positions are shown in Fig. 6. Also shown for comparison in the
� gure are experimental results for low-Mach-number jets reported
by Panchapakesanand Lumley16 and Husseinet al.17 The agreement
is excellent despite the large differences between the present sim-
ulation and the experiments for the Mach and Reynolds numbers.
Following Freund,4 Fig. 7 shows the pro� les of the Reynolds-stress
components, normalized by U 2

c . The agreement between the simu-
lationand the experimentaldata is reasonable.Finally, a comparison
of the SPL obtained in the present simulation and experimentaldata
from Stromberg et al.,11 Mollo-Christensen et al.,18 and Lush19 is
shown in Fig. 8. Again, reasonable agreement was obtained. The
good agreement between numerical results and data for both the
near-� eld � ow and far-� eld sound radiation con� rms similar re-
sults obtained in the DNS comparison of Freund3;4 and provides
evidence supporting the validity of the numerical procedures used
here.
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Fig. 8 SPL directivity compared with experimental data.

Fig. 9 Instantaneous surface of isovorticity magnitude from the case
using the DMM subgrid-scale model. The magnitude of the vorticity
jj ! ¤ jj is 0:6. Only every other point in each direction is used to construct
the plot.

x ¤ = 10:9

x ¤ = 17:2

x ¤ = 14:1

x ¤ = 20:3

Fig. 10 Contour plots of the azimuthal component of the vorticity in the cross section at different axial locations.

IV. Mach 0.4 Jet
A. Near-Field Flow Analysis

To visualize the � ow structure and examine the effects of the
forcing employed, an instantaneous surface of isovorticity magni-
tude is shown in Fig. 9 from the LES using the DMM. Similar
results were obtained using the DSM. Recall that the magnitude of
the axisymmetric instability modes (¯ D 0) used to force the jet at
the inlet boundary was 10 times larger than that of the helical mode
(¯ D 1). In the region just downstreamof the inlet, the axisymmetric
mode is dominant, and the vortex ring development is quite similar
to that observed in previous axisymmetric simulations.2;8 The non-
symmetric structures emerge at x¤ ¼ 14. Beyond this axial location
the large-scale vortical structures break up, and the � ow transitions
to turbulencevery rapidly.The effect of the helicalmodes on the ax-
isymmetricvorticescan also be seen in Fig. 10, where instantaneous
contours of the azimuthal component of vorticity at four different
axial location are shown. At the position x¤ D 10:9 the vorticity is
almost axisymmetric. At the positions x¤ D 14:1 and x¤ D 17:2 the
vorticity is no longer axisymmetric and has developedan asymmet-
ric lobed structure.At the location x¤ D 20:3 the large-scalevortical
structures break up into smaller-scale vorticity.

LES predictions for the mean centerline axial velocity are plot-
ted vs axial location in Fig. 11 for both SGS models. Also shown
for comparison is the same quantity from the two-dimensional ax-
isymmetric DNS results of Zhao et al.8 The three simulations are
in excellent agreement with each other in the region 0 · x¤ · 16,
where the � ow is laminar and almost axisymmetric as a result of
the imposed forcing. Beyond this region the centerline velocity in
the three-dimensional turbulent jet continues to decrease, whereas
that of the axisymmetric jet increases slightly and then remains al-
most constant. In the region 21 · x¤ · 22 a rapid decrease in the
centerline velocity is observed for both the DSM and DMM simu-
lations.This rapid decrease in the centerlinevelocity is attributed to
the helical mode excitation introduced at the inlet boundary,which
grows downstream as evidenced by the asymmetric lobed struc-
ture already discussed.This � ow behavior apparently enhances the
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Fig. 11 Time-averaged axial velocity vs axial distance along the
centerline.

DSM

DMM

Fig. 12 Mean axial velocity pro� les at different axial locations.

mixing of the jet. This enhancement of jet mixing through helical
mode excitation, along with the associated rapid decrease of cen-
terline velocity, was also recently observed by other researchers.20

This is in constrast to the relatively smooth decay of the centerline
velocity observed in the randomly forced Mach 0:9 case in Fig. 4.
Discrepanciesbetween the DSM and DMM simulationsmay be ob-
served in the downstreamregion of the jet. Further evidence can be
seen in Fig. 12, which compares the mean velocitypro� les predicted
by the two simulations.

Radial pro� les of components of the Reynolds-stress tensor at
different axial locations are shown in Fig. 13. The results are in
qualitative agreement with the DNS results of Freund3;4 and the
LES results of Boersma et al.5 The Reynolds stresses reach their
maximum value in the transition region (x¤ ¼ 20) and then begin
to diffuse and dissipate. The component RÁÁ remains almost zero
until x¤ D 15 because the axisymmetric excitationmode at the inlet
is dominant and the azimuthal excitation mode is small by design.
Also, note that the three normal stress components predicted in the
DMM simulationare slightlylarger than thosepredictedby theDSM
simulationaround the transitionregion.Because of the speci� c inlet

forcing employed in these simulations, quantitative comparisons to
previous experimental data or DNS results could not be made.

Contour plots of the mean turbulentkinetic energy (TKE) k com-
putedas 1

2
hu 0

i u
0
i i, where u 0

i D Qui ¡ h Qu i i (the asterisk,denotingnondi-
mensionalization, was dropped for clarity and the angle brackets
represent time averages), obtained from the two LES cases, are
shown in Fig. 14. The contours are qualitativelyvery similar. These
results are also similar to those obtained by Freund.3 To quantify
the turbulence levels,

p
.2k/ is computed along the centerline and

plotted as a function of axial distance in Fig. 15. The peak turbu-
lence level occurs near the transition location and is approximately
20% greater with DMM than with DSM. This trend is attributed to
the more dissipative nature of DSM as compared to DMM.21;22

Spectra of the azimuthal TKE at r¤ D 0:5 and different axial lo-
cations are shown in Fig. 16. As expected, the TKE levels near the
inlet are relatively low. Downstream of the transition location, the
spectra predicted using the DMM contain more energy at higher
wave numbers than in the DSM case. This is again consistent with
recent observationsthat the mixed model is less dissipativethan the
Smagorinsky model.21;22

B. Far-Field Sound Radiation Analysis
A contour plot showing an azimuthal slice of the instantaneous

near-� eld vorticity magnitude, togetherwith the far-� eld dilatation,
is shown in Fig. 17 for the DMM SGS model. The results are qual-
itatively similar for the DSM case. The acoustic waves appear to
be emanating from the transition region, consistent with the Mach
0:9 case and previously reported � ndings.3;4;23 This is in contrast
with the two-dimensionalaxisymmetric jet, where the sound source
was observed to be the vortex pairing region.2;8 The magnitude of
the dilatation in the far � eld (which is considered a measure of the
sound level) is one order of magnitude higher for the turbulent jet
than in the axisymmetric jet of Zhao et al.8

In the lower-right-hand corner of the dilatation contour plot, the
dilatation magnitude is considerably higher than elsewhere. The
helical modes excited at the inlet of the jet cause it to expand more
abruptly just downstream of the transition region than for the case
of a randomly forced jet. Thus, this area is affectedby the near � eld
of the jet, where the turbulent � uctuations dominate the acoustic
� uctuations. Nevertheless, this region does not appear to make a
signi� cant contribution to the far-� eld sound radiation because the
sound radiationpattern just outside this region is very similar to rest
of the far � eld. Those near-� eld effects were not observed in the
randomly forced Mach 0:9 jet already discussed.

Goldstein23 describes Lighthill’s mechanism for sound radiation
from turbulenteddiesas similar in behaviorto a largenumberof ran-
domquadrupoles,whicharemovingdownstreamatsometurbulence
convection velocity. Lighthill’s result24 for the far-� eld acoustic in-
tensity I D p02rms=½0c0, generated by a turbulent � ow and corrected
later by Ffowcs Williams25 for applications to noise radiation from
a turbulent jet, can be written in dimensional form as

I .µ / »
f .µ/

.1 ¡ Mc cosµ /5
(12)

where f .µ/ is the directivity of the unconvected random distribu-
tion of quadrupoles at rest, µ is the angle between the jet axis and
the line connecting the jet exit and the observer, and Mc is the con-
vection speed of the quadrupoles divided by the speed of sound.
Typically, f .µ/ is assumed to be uniform, consistent with the as-
sumption that turbulent jet noise is generated by a large number
of random quadrupoles. Experimental measurements con� rm this
uniform directivity for low-Mach-number jets with low convection
speed.19 To compare predictions from the present simulations to
Lighthill’s theory and experimental data, a Kirchhoff surface was
used to predict the sound level in the jet far � eld. Although the
LES computational domain in this study does reach the far � eld, it
is still not large enough to compute the directivity. The Kirchhoff
method was � rst validated by comparing its predictions with di-
rectly computed results. Three Kirchhoff surfaces are employed for
this purposewith the source locationchosen as xs D 0 ( jet inlet) and
radii of Rk D 10R0 , 15R0 , and 20R0 , respectively.
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Rxx

RÁÁ

Rxr

Rrr

Fig. 13 Radial pro� les of key Reynolds-stress tensor components Rij = h h u0
i u

0
j i i at different axial positions.

DSM

DMM

Fig. 14 Contour plot of mean turbulent kinetic energy averaged in the
cross section: MIN = 0:005, MAX = 0:065, and Delta = 0:004. Fig. 15 Plot of q =

p
(2k) vs axial distance along the centerline.
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DSM

DMM

Fig. 16 Azimuthal wave-number-frequency spectrum of the turbulent
kinetic energy at different axial positions at r ¤ = 0:5.

Fig. 17 Instantaneous contour plots of the near-� eld vorticity mag-
nitude (lower plot) and the far-� eld dilatation (upper plot) from the
case using the DMM subgrid-scale model. For jj ! ¤ jj , MIN = 0:3, MAX =
4:3, and Delta = 0:4; for H ¤ , MIN = ¡¡ 3 £ £ 10 ¡ 5, MAX = 3 £ £ 10 ¡ 5, and
Delta = 6 £ £ 10¡ 6 .

DSM

DMM

Fig. 18 Root-mean-square acoustic pressure along the line, r ¤ = 30,
Á = 0 as predicted by LES and the Kirchhoff method.

The comparison between the Kirchhoff prediction and the direct
computation of the rms acoustic pressure p0

rms is shown in Fig. 18.
Here, p0

rms is calculatedby summing the Fourier componentsat each
frequency:

p0
rms D

N

n D 1

½1c2
1

4j O2n j
n!0

2
1
2

(13)

where !0 D 2¼ f0 and N is chosen to be 20, which corresponds to
the frequency5 f0 and the highest frequencyacousticwave resolved
in the simulation (approximately six grid points per wavelength at
this frequency). The agreement is excellent for the Kirchhoff radius
Rk D 20R0 .

The Kirchhoff surface with radius Rk D 20R0 was then used to
predictthe directivityat a distanceof 240R0 from thenozzle.The re-
sults are plotted in Fig. 19 along with Lighthill’s theory of subsonic
jet noise [Eq. (12) with Mc D 0:65M0 )]. Figure 19 shows that the
sound intensity predicted with DMM is higher than that predicted
with DSM, which is consistentwith the fact that the DMM predicts
a higher turbulence intensity. The theory predicts a fairly uniform
directivity,while the LES predictionsare nonuniform.Speci� cally,
the DMM predictionsshowa preferreddirectionfor sound radiation
in the range between 35 and 70 deg above the jet axis. The preferred
soundradiationangle is believedto be relatedto theharmonicexcita-
tion at the inlet. This is in agreementwith that reportedby Kibens,26

who measured far-� eld directivity patterns in acoustically excited
low subsonic turbulent jets and also observed a preferred directivity
between 35 and 65 deg with respect to the jet axis.

Because of harmonic inlet forcing imposed in the numerical sim-
ulations, the jet exhibits organized toroidal vortical structures in
the pretransitional region and randomized small-scale turbulence
downstreamof the transitional region. The transition is caused by a
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Fig. 19 Predicted jet sound directivity compared with Lighthill’s
theory.

secondary instability, which develops as a result of the azimuthal
forcing exciting helical modes and producing smaller-scale az-
imuthal lobes (see discussion in Ref. 23). The toroidal vortices are
convectedat subsonicspeed.These would be very poor sound radia-
tors if the � ow were laminar throughouttheentiredomain.When the
jet breaks up, however, the well-organizedtrain of toroidal vortices
abruptly ends and is replaced by random � ow structures.The wavy
toroidal motion causes radial particle velocity waves, which propa-
gate at subsonic speeds in the shear layers. The point of transition
between the unstable laminar shear layer and the more turbulentpart
of the jet acts as an edge or a point where coherent interferences in
the radiation process are interrupted. At the discontinuity there are
no more destructive interferencesbetween dipole source regions in
the wavy part of the � ow, causing enhanced radiation.The acoustic
waves accordinglyappear to be emitted from the point of transition,
and the preferred radiation angles could be explained by the sound
radiation pattern produced when a bending wave impinges on the
edge of a � exible plate (see Fig. 4.4.4 in Howe27). As mentioned,
this preferred radiation pattern is consistent with the experimental
data of Kibens.26

V. Conclusions
Predictions of the near-� eld � ow and the far-� eld sound radia-

tion for two subsonic turbulent jets were obtained using the large
eddy simulation technique. The axial location of the main sound
source in both jets appearedto coincidewith the regionwhere the jet
transitions from large-scale organized vortical structures to small-
scale turbulence. This is in contrast to previous two-dimensional
axisymmetric laminar jet simulations,where the main sound source
location corresponded to the vortex pairing region. Also, the sound
levels were higher in the turbulent jets as compared to the two-
dimensional axisymmetric jet. The results of the randomly forced
Mach 0:9 jet were in good agreement with the available experi-
mental data and DNS results, which provides a validation of the
numerical methods used. For the harmonically forced Mach 0:4 jet,
the use of two different subgrid-scaleturbulencemodels resulted in
different turbulence and sound levels but in similar � ow and sound
radiation patterns. Far-� eld sound predictions obtained using the
Kirchhoff method were found to be in reasonable agreement with
the directly computed sound. The sound directivity predicted using
the Kirchhoff method was also in good quantitativeagreementwith
experimentalmeasurementsand acoustic theory for a fully turbulent
jet, but exhibiteda nonuniformdirectivitywith a preferred radiation
angle range in agreementwith experimentalmeasurements from an
acousticallyexcited jet. The directivitypattern was explainedusing
acoustic scattering of � exural waves at edges.
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